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In 1983, B. A. Dubrovin and S. P. Novikov studied for the first time Hamiltonian structures
for PDEs whose operator is homogeneous in the order of derivation. In particular, they intro-
duced first order homogeneous Hamiltonian operators and, later, higher order operators of the
same type. As a natural question, we wonder when a given system of PDEs possesses such a
Hamiltonian structure. Necessary conditions for homogeneous quasilinear systems (also known
as hydrodynamic type systems) to admit a Hamiltonian structure with homogeneous operators
were found by different authors in the last years: for first order operators by S. Tsarev [1] and
for third order operators by E. Ferapontov, M. Pavlov and R. Vitolo [2].

In this talk, we present similar conditions for second order homogeneous Hamiltonian oper-
ators as discussed in [3, 4]. These operators have the general form
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where gij , bijk , c
ij
k and cijkh are functions depending on the field variables. Surprisly, the conditions

found in this case can be solved, giving an explicit form for the conservative systems which admit
second order structures.

The resulting systems and the operators turn out to be projective invariant and to possess
interesting geometric properties:

Theorem 1. Second-order homogeneous Hamiltonian operators are invariant under projective
reciprocal transformations and the operators of dimension n can be put in bijection with 3-forms
in the n + 1-dimensional space Cn+1.

Finally, the previous result enables us to classify second-order homogeneous Hamiltonian
operators in low dimensions (n ≤ 8).

This is a joint work with Raffaele Vitolo.

References

[1] S.P. Tsarev: The geometry of Hamiltonian systems of hydrodynamic type. The generalized hodograph method.
Math. USSR-Izv., 37(2):397– 419, 1991;

[2] E.V. Ferapontov, M.V. Pavlov, and R.F. Vitolo. Projective-geometric aspects of homogeneous third-
order Hamiltonian operators. J. Geom. Phys., 85:16–28, 2014; DOI:10.1016/j.geomphys.2014.05.027.

[3] P. Vergallo, R. Vitolo. Homogeneous Hamiltonian operators and the theory of coverings. Diff. Geom. Its
Appl., April 2021;

[4] P. Vergallo, R. Vitolo. Projective geometry of homogeneous second order Hamiltonian operators. arXiv,
2022;

Department of Mathematical, Computer, Physical and Earth Sciences - University of Messina
Email address: pierandrea.vergallo@unime.it

URL: www.pierandreavergallo.wordpress.com


